
Math 250 2.3 Strategies for Evaluatirtg UmitsAnalytically 

Strategy #0: Know when to evaluate limits by direct substitution and when this strategy fails. [See page 2.J 

Strategy #1: If necessary, build an intuitive understanding of the fun~ion by using numerical and 
graphical methods to decide if the limit might exist and its approximate value. (Caupon: this is not an 
analytical or exact method, just a way to estimate.) 

Strate&)' #2: Break the limit of the sum, difference, product, quotient, and/or root offunctions into the 
sum, difference, product, quotient, and/or root of limits of those functions. ·Use properties of limits in 
Theorems. (See page 2.] 

CAUTIQN: ! I 
~ Is called an indeterminate form, because It does notdeter)nlne ijnylhing ~that f ~failed! 
~ can resolve to be a number, zero, or ± (X). .Q. means we are not finished. fl~. ~ing the limit 
0 0 . 

. :! 

Do NOT EVER write 0 as a final answer, IM!ause it will._ NOcreclitl · i 
0 . . I ; i 

cancet a common 1-dor appears in the next four strategies.· tf you want the I mit as x -f ~[, 

then the common factor you want to cancel will be(x-a), b~ause. l:=:~is causing the -~il 
'--~~~--~~~~~~~~~~~~~~--;-~~-----~---~---,.+-+-~--~_,;._..~' 

I •· I 

Strategy #3: Factor a rational expression to cancel•~ factor (x- a), ~nd theO sul ~lute. 
! ·, 

! ~: 
Stratq,y #4: Rationalize either the numerator or denominator of an eipression co~m• 1'dicals; cancel 
acommonfactor (x-a),andthensubstitute. ; : i 1

:\ 

$JD1eO' §; Simplify al!Y complex fractions (fractions within~. ) by mu~plying·bY~. 'i'. LCD top and 
bottom (or by dividing), factor completely, cancel a common~ (x-a), a~d then su ' ,tute. 

I ' ',·, I 

i . t' . 11: 
Stratqy #6: Multiply the numerator and denominator by a "cfnjupe";.like~pressiOfl to~ a difference 
of squares, and then use a trig identity or factor and cmcel• ,.....-~ r-a). •ndt substitute. 

Strategy #7: Use the Squeeze Theorem: Jf ' . ~ 1 l \ 
• /(x) 5 g(x) s: h(x) for aux in an open interval containipg ~J~c~ ~iblyc itse{ ~D 
• lim/(x) = L = limh(x), · : · · : 

x--+a x--+a 

then limg(.r) = L also. - ' ' 

Stepl: Findtwofunctlons, f(.r)and h(x),sothat f(x)sg(x)s:h(x) f~rvatuesof , · ara. 

Step 2: Show that the two functions have the same tim~as x. ap.· preach~ a: ~~f (x ~'.L = ~~h(x). 
Step 3: Conclude that limg(x) = L l , . ' : I : 

x-+a- - t ·, .1 , ;-1 J; • 

i I 
I 
1: 
H 

I f 
l :1 

j 



I 
Math2502.3 EvaluatintLimits~ Using~. 

If the behavior ofthe function nm x = a is the same as the fi nction value•.)!( a), then limits and the 

function value are the same ~~/(x) = f (a) J and we can ev luate th~ fim~ by using·dit"i lfbstitution. 
I 

1 . , L 
Theorem U LirniQ of Linear Functions: If a, band mare r'al numbersattd l/(x) =i ,_ 1

, then: 
lim/(x)=/(a)=ma+b I · .. :; . il 
J<-+a . ll 

: I H If m = O, then limb = b (constant function) ; . I ti 
. %-wl I Ill 

If m = 1 and b=O, thenlimx =a , I !, 
z-+a • i . i .; Ii '1i 

I i ' : ' 11 

Theorem2.3LimitLaws: If !~f{x) and !~g(x) exist,cisr .. reatnu~bef:.i'~.Jd m>,0, t .. ' .. rare integers 
such that %, is in lowest terms, then: J • ' t ! j . · ! ! 
a) lim[b·/(x)]=h.·lim/{x) (scalarmultiple) i. · · ,' '! : 1 

J<-+a . J<-+a ' : ' I i 
b) Iim[r(x)±g{x)]::: lim/(x)±limg(x) {sumordifferenc~) · ' i 

z-+a x-+o x-+a · i ?· 

c) lim{t(x}-g(x})= lim/(x)· limg(x) (product) 1 
, 1 

J<-+a . . %-+a ,......, 

. f(x) lim/{x) 
d) ltm- =.-"-+a-.-____. 

J<-+a g(x) limg(x) 
J:-+a 

(quotient) 

e) ~[r(x)t = ~/(x)t (power) 

., 
' 

f} ~~[f(x)f- = ~~f(x)f' (fractional power) ·. 1 

· i j , 
! 1 '.' 'r 1 · · Fractional powers are tricky. If mis odd, then the statement i$ true. · • '.I :! , ' · 

But if mis even, e.g. (f{x))M = Vf(x), this radicalis notdefi~ utt~ Jt(~) ~ 0 for X;Vaf near a. 

Similarly, !~[r(x)Y., =~~f(x)Y., istrueifm isodd,prifti'ljs*en{a~~ f(x)~O[ x>a. 

,.~[f(x)J" =~!!f<x>Y.. istrueifm isodd,or. ifmi$++1Jt(s)~O :· : <a. 

, .. -ir ·' :1 : I . 
1hMrem 2.4 .....,_..and bthlnal FullCtions If p and q 8fe ~m+~ a isa ~ ~ onstant, 
then ' •. i ii 11 , i 
a) t~p(x) = p(a) b) Iim p(x) =, (a! , ~long~ * O. 

_,,~ q(x} ~f(a ! I ·l, 
·' \1 

Theorem <not in BriasJ eomposltionof two tunctlOnS j, ! : ., l I 
lffandgarefunctionswith limg(x)=L and lim/(x)=/(L)~then~f( x)~=/himg( =f(L) 

X-+4 X...,/J>L I :$-+a; i I I• r;;..+a 

Theorem (not in Brtgs) Tripnometrfcfunctlons ' il I : I 
tf a is a real number in the domain of thctrt& fuoctiQn, then: ·· · I j' • •... 

a) !~sinx=sina c) limtanx=tma '; I j ·j=· sec .. ·.·.··=. 
b) limcosx=cosa d) li:cotx=coto I , i :+° csc~=; 

X-t« J<-+a ! , [(N 'l i 

Ii ·1• 
11 
ii 

I 11 
Jf 



Practice: 

Evaluate the limit exactly, using analytical methods. 

1) ~~ 6x
5 

- jx2 +x-.11') 
. x3 +8 2) ltm-

.x-.-2 x+2 

3) litn x- 5 
....... , x 2 -25 

4) litn .f;+j - 2 
.x-1-3 x-3 

1 I 

S) Jim 2+x 2 
x-+O X . 

6) litn J - tan x 
x.....! sinx-cosx 

4 

Given that lim/(x) = 2 and limg(x) = 3, find the following limits. 
X-+d' X-+<1 

7) lim2/(x) · g(x) ....... 

Bl 1,j 4/(x)+(g(r)}l' /(x)~g(x)J 
:r~ (g{x))7 

/ 

9) Evaluate the limit using the Squeeze Theorem. 

. (1) litnxsin -
x-+0 X 

a. Showthat-jxjs;xsm(!)s;lxf forxnearo. 

b. Take the limit of this compound inequality. 

i 
lO)Find constaritsband cinthepolynomiat p(x)=x1 +bx+clsuchthat lim , =6.!Are 

' ; ' .,-,.2 x""' i i - .. :\ ,\ ;-.,· ' :i1i ' l 

unique? ("Unique" means "one of a kind"; if the answer is unique, there' o~ oner> 
'; ; 1' .· 111 . :)' 

' ' ·!il ; Ii: 
4 !,i L li I; . 

. d1l i 
Iii 

:iil 
·u; 

f lj 

constants 
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.. - t:<- ./..--£ - -")< ~ · ..... ® [:v ~ v\-.e \,.IV'! ~..L) \A~~~- ~c.;,1 iA...e-c-z....e ·~-eo r-E.YV) 
'I- __.::y 0 , ~ 

-~ °') I+- .Pcx) !::- ~) .t:- \n(x) \oe:~ ·-\·-x\ ~ ·"I<: "Y\v\k) L lx\ 
(~.e ~~~ (flJ-e5 LA-5 -fa<-) ==- - \~\ 
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·130\, .. ask~ u...s ·-6 cc .. ~ nfV'\ ~~ \ vt-e-4J~L0-Ll~ .~ 

--r-c . s. ~ ~ CilY ctA) lA s . G-c:. \j - , r,_ s / >', ~ - - - li~M-frt1+___,] 
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'f1=: ~~s{x) . \ oJos.( 
'I?:. ::::. ?( s i."' ( \/ 9<) 

,, 'f==- lxl 
/ 

T-+- ekes. ~_ear ~ \)<\ ~IS olwzi.(f c-Joov-<2- /)($~'va(-k J 
~ -\'><\ \s a.lw~.s b.elcu:r 'XSi'vl(~) 1:?c> ~ 
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cp.~\ ~~· \~\ -s ~ 
[-~ 

\~ ~?O 
\._.\' ry:_ J!. D 

·, ~ ;x. ::;:_ 5 .,tv~ \ 5 ) =- s :.= ~ 

\ ~ rx-=- - 5 .,.('v\.(LM. \-5 \ -=- - (-5) ·==- 5 ::::. -- !x 

\N.e \fJ,\\ V.Se.- "~\s ~-~c.e_u:,\ '$ e_., ~~V\-\--hoV\ cfr· ~bsoW-R.- v~lue_ 
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LA-~%\ '. Y..~O 
ca_Se.- -~ 2. : •")<.<:::: 0 



&t-~e~\ ·~:?O ~ \~\ ::::: y. 

So OL.~;..z_.., c::\e_s \y;e__~ 0 ~ C-~...rvvie_, 

ca-t>e t\?- .X-...:..0 ~ \ ~\ :::;:-.. - ~: 
~o o (.)..)c... k~;flv.eJ o '--d- cz;,·yyi·e_, 

·'\c{-eca.l\ 
o ~, a..v~ o¥- Sl V\.& ~5 (:- \ J \] 

-\x\ ~ X ~""* ~ \x\ 
- x ±:::_ >c ~·1-vi ·-k ~ x 

- \ ><-l ~ x "i> t~ :k ~ \ ~ \ 
~ f::= XSill\.t ~ -,X. 

So - \ ~ 'S,.\V\..£} ~ \ ~ a.vv'j -G 

so - \ =- s~..Lx ~ \ ~ -&-==- _.h. ' x.. 

o ·~ v.Je_, VY'--\A.lh~ ~II\ r~-~ io~ CL V\-€.~v-0 ~ / \Ne­
{"..eA/~ -~ ILIL~ 

ex. --d-x~ 4 

ex.. 
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X7 -2-

-1 L.. ·- +-x L. if 
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':L 

--2 L ~ L. J_ 
1. 

c~e.-:# l x > O -1 ~ S\\A~ ~ \ 
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~ L~ - l:x.l ~ )G s1.~--Jx. ? \)(_.I 
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caJ:,e ~'2- )(LO ·-\ ~ st.M.t L. \ 

~u_lk.·. \oL;:\ ~) ~ l~ V\-<:_qa:hv"'e ~ ch~e--~-e-
ck~~~~ of ~ \ ~~~i u 
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'X 
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ctM.,.l ou.n..-- Je~r-e.L{:.u.;,"c..~ '<J6<) = ~ :;.iV\ l-k) 

·,"'- ca.-se ·it;\ )C ~ 0 - \x;\ ~ x 5-tn l*) s \)(. \ 
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So -~ ~~ \~-s\a\-e.VV\'2-~+- (_ \.t~\"o~s-\~) ~~ 

\o) \~ -~ Hwi.:\.\-- o.\- .-1vv\s c:oVV\-{>OU.~ l~e ep-<-a.G~ V\f\...e_&L·<..'L-5 

.,_\show. ~-\-- _.\1,......e. s.-e-G-0¥\J, \-{-'-~ ~ vrt-- C ~po-tkP-> is) 
'° ~ ~ S4 u...e..k z.e --r\;\.12:1rce. VV\. \ s J~o -\-vu-e.. . 

-- \ ?C \ ~ '>< ~Y\, Gk) !::, \ )(w \ 



-:- ~, ·;M'd...SO 'J.,'3 ~dns 
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~ ..{\.u_ ~ ~-··· 
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(~ 
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